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ABSTRACT

This research was carried out in order to develop theory about the skew polynomial ring over
non-commutative ring. This study aimed to find the ideal form of the skew polynomial ring
over the quaternion. The research method was the library study. In order to find the ideal
form of the skew polynomial ring over the quaternion, the first thing to do was finding the
endomorphism form in the quaternion ring, which was symbolized byo, and eleven
endomorphismsc were obtained. The research results every ring had two ideals form. In
general, the rings which had the identically ideal forms were categorized into three: three
rings were identical, two rings were also identical, and the rest six rings had identical forms
too.
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INTRODUCTION

Ring is al about one set with two
operations, addition (+) and multiplication
(x). If the multiplication of the every two
elements of the ring is commutative, it is
caled commutative ring. If  the
multiplication of a rings element is not
commutative, it is called non-commutative
ring.

Ore [8] introduced the skew
polynomial ring, the development of ring.
The skew polynomial ring contains a set of

skew polynomias with non-commutative
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multiplication. For example, the skew
polynomia ring over real numbers is the
set of polynomials a,x™ + a,_x™ 1+
4 X% L ax _a, where x is an
unknown variable and aq; e with the
multiplicationrulexa o a x &6 a for
while o is an( e?1d6Lmo§pP1ism
and & is 5-derivative.

Amir [3], it says that the

each a;

researchers of skew polynomial ring can be
divided into three groups. The first group
develops the class of skew polynomial ring

to be a bigger class of ring. The second
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group uses skew polynomia ring to be
more applicative, while the third group
observes the structure of the skew
polynomia ring by using various base
rings. In the dissertation, Amir is in the
third group with the base ring in Dedekind
domain.

Amir [1] has discussed the
characteristics of the s-prime ideal and the
skew polynomial ring. Amir [2] discussed
the characteristics of the ideal in the skew
polynomia ring. Then, he improved his
research [3] in the skew polynomia ring
where the base ring is commutative ring in
Dedekind domain. Amir et a [4] found the
ideal form in the skew polynomia ring
with the different commutative base ring
and Amir [5] started to expand the skew
polynomial ring in non-commutative ring,
quaternion. In his research, he discovered
one of endomorphism forms of the
quaternion ring which later became a ring.
Because of those reasons, we decided to
develop Amir’'s research about the skew
polynomia ring with non-commutative
base ring, quaternion.

Quaternion was found by Hamilton.
For his merit, the quaternion is denoted by

H. The purpose of this research is to find

the ideal form of the skew polynomial ring
which is quaternion base ring.
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There ae some  definitions
supporting this research. They are
homomorphism ring, endomorphism, and
ideal. Based on Rotman [9], ring is a set
with two binary operations, multiplication
and addition, satisfying the rule as an
abelian group, multiplicatively closed,
satisfying the associative and distributive
property of multiplication, and having
inverse for multiplication.

Fraleigh [6] defined
homomorphism group as a function
mapping Gto G’ that is ¢: G - G' with the
rule ¢(ab) = p(a)p(b),Ya,be G
where ab multiplication satisfies the
operation in the left sde of G and
p(a)p(b) sdtisfies the operation in the
right sde of G. The mapped

homomorphism ring is ring. For example,

R O’ Vabe
satisfies @(a+b)=¢(a) ¢ b
+ () and
¢(ab) = p(a)p(b) 90 >
- , Mmapping

is homomorphism ring.

Rotman [9] ¢tated that a
homomorphism groug is said to be
endomorphism  if iIs a function
associating from G to itself whereas a
homomorphism ring is said toXbe
endomorphism ring if it relates ring  to
itself.

The definition of id&al | By Frdleigh

[6] is a sub-ring of ring if and
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ra€l, Vael, rell.Iflisanided in

R, the multiplication between the elements
of | and the elements of ® must obtain an

elementin|.

According to McConnel and
Robson [7], (lisaring with identity 1, o is
an endomorphism of , and o is a o-
derivative which is an endomorphism of
o esa multiplication group, and &(ab) =
(a)6(b) +6(a)b ’for each a,b et The skew
polynomial ring over with variable x isa
ring, [x;o;] ={f(x) = ahx™ +

} with xa = g(a)x + &(a); a . An

+ao|ai

element p of the skew polynomial ring [x;]

has the canonica ferm p  '_ja;xt,
re€ +={0,1, ...}, ai€ll,i= 1,‘92,, e T
Based on Shomake (2007),
quaternion is a linear combig%ion with
real scalars and three units of orthogonal
imaginary, denoted by i, j and k, with real
coefficients written as [1 ={g =q,

iq1 +jqz + kqs3lq0,q1.92.95 € U }

bilere

rue 2= =Kk’=-Q; ij=—ji=
k. jk=—kj=1i; ki=—ik =]j. For

a_a ai , a,j , azk _
example, = o4 ity 2 4 A3l =
a, a b b0+b1i+b2j+b3k:

and = 7
[bo,b

. The addition and
a b

] with @
, €[

[a0+b0!a+b]1 2)

b,ayb + bya + a % b].

ab = [a0b0+__ a

IJEScA vol.3, 1, May 2016

1JESCA

The purpose of this research is to
discover the ideal form of the skew

polynomial ring over the quaternion ring.

DATA AND METHOD
Research location

This research takes place in
Mathematics FMIPA,

University. This is a

Department,
Hasanuddin
theoretical research. It is done by finding
the form of endomorphism of quaternion
ring then every endomorphism form will
become the particular ring and we can

obtain the ideal form from the ring.

RESULT
The skew polynomial ring that will
be arranged is a skew polynomial ring and

the base ring is a quaternion denoted as H.

Thus, the first step is to form the

endomorphism in quaternion H.

Theorem 1

For example, a=a,+ai+
a,j+azkell and o:[1 =[] we can
yield some endomorphism forms in

quaternionH
01(a) = 01(ag + ayi + ayj + azk)

= (Ao — a i _ azj + azk)
02(a) = 02(ag + a1l + ayj + ask)

_ (ao et N azj a3k)
03(a) _ 03(a0 + a,i + a,j + a3k)

a, ai ay,j ask
— (%o Gl G 43

=( )
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o, a 040y ai a,j aszk ca b o0 a ai ayj aszk
a, axi aszj ak b, byi byj b3k
os a 05 ay, ai a,j aszk o ay, by a;, b i a,
a, ai azj ak b, j az bsk
Og @ Og ay i a,j azk a, by a, byi
a, axl azj ak a, by,j a;
o, a 07 ay aqi a,j azk b; k
a, axi azj ak ca odb oa, ai a,j
og a 0Oga, ai a,j azk ask o by, byl
a, azi a;j ak b,j bsk
Oy a 09 ay aqi ayj ask a, ai ayj aszk b,
a, azli a;j ayk bii b,j b3k
O10 @ 019 Ay aqi ayj ask ap, by a, b i a,
a, azli a;j ayk b, j a3 by k
011 @ 011 Qy aqi ayj ask ca b ca odb
a, azl a;j ayk o ab ca ob

cab o ay, ail a,j aszk b,

bii byj bsk
01 Qg o agby ab; ayb, asbs
a, i ayj aszk a, aqi ayj apgh; a;b, a,bs
ask asb, i

aob, aibs azb,

asby j
a a ai ayj aszk agb; a;b, a,b,
b, byi byj b3k asb, k
oay ai aj azk agby a.by a;b, azb;
ap al ayj azk agby aiby a,b;
asb,
apgb, aibs
ca b ca ob a,by asby j
o ab ca ob aobs ab, a,b,

ca b ca oab asb, k
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od )=b ( ogta, 0 o,j Nk

3@0 +b1i +b2j "'b3k)

()= ( &% a#i af ak
=( - by bH )
()= + + Bj bhkk
aobs (arby azb, azbs
aob;  aibg )
()= ( 3 H by ap.l
()= ( + + ab, aqb;
=( + aby azb, j
aogbs  aib;
=( — abr agby k)
()= (owb +oca+ob)
()= (= + * ¥y )
()= + + + )
=( + - -
Proof
We want to prove that ( +
+ Yy=(XqO X024 )

X ¢5an endomorphismaing; @yaternion.
a a, a4l

a,j ask

+ opoa o070y ai ayj
ask) ap =1i +a,j + azk+

ford ex&fopfe, thre adfe o

GulterniGns a1+ azj) ask
endomarphitsmn  tipgr, quetarnign,j then it
azk ay, ai ayj aszk
If (

x{01)=x 62)- (). X 03is an

2

I x* x o0

NN NN~
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x? x oy
()= % + + )
x? xo,+( + + +
2 )]
x X 0y
2 (ko MO+ *( )
xE=( +x)s( + ) )
- + )
+(
_‘I%x +H
qx X 01 +
+ )

u+v=s+t



AL O T O

+ )= ()+ ()

(+)= 0O+ ()
2 ) (ot g )

u+v=0
2 u 1
X :E: u(oi qv )x
u+v=1
2 2
X :E: u01 qy X
u+v=2
2 u 3
u+v=3
xZ u Oiu qv xs+t
u+v=s+t
2 u 2
07 Z u(al qv) X
u+v=0
2 u 3
07 Z u(Ul CIv) ve
u+v=1
2 u 4
07 Z u(Ul CIv) ve
u+v=2
2 u 5
07 Z u(al CIv) X
u+v=3
2 u S+t+2
2] Z u(al qv) X
U+v=s+t
oga a
Iq x
u 2
D u(et @ )x
u+v=0
u 3
Z u(al Qv )x
u+v=1
u 4
:E: u01 qy X
u+v=2
u 5
z u0i Qv X
u+v=3

u S+t+2
u01 qy X

utv=s+t
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Iq x
+

S+t
[z Z u(“lu Qv )x" x? 1y

n=0u+v=n

t

x%qg x  x? [z Gnx™

n=0

2 2 2 3
01" o X 01" q1 X

2 4 2 t+2
01" g2 X 01" q¢ X
2 3 4
qoXx q1x qzx
t+2
qoXx
t
x%q x z Qnx™| x?
n=0
q x x?

Iq x
S+t
x? [Z Z u(Ulu v )xn

n=0u+v=n

qXx qo G1X x> qax

qax* qex*
7=00nX™ Qn
qx 1
t
anx" x? x oy
n=0
)
+ J—
)
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t
= + | +
() O [ qnﬁn] 2,t L0
n= )
2 3
=( - -/ % 7
( - st
t
=( [Eqnx"]ﬁlz etx? )
=0 —( + )
0% 4 x
+ J—
—( 012_ 2 x‘;
+
[ HZ o ]’*
It is proved thatn=0 n=04
The next point DVOE:W% (otbe giverf It is
3= O O
qu(alu v )xl
u+v=1
because the proof is jug, the same as
utv= 2%16(71 )
before.
u+v=3CIu((71u v )x
[] .
Theorem 2 ) B A

 The Setr=pe JudFial: Fing ove

qu'aternion is given = * ai
ile are
i el | Y| 2
endom _nvv(ner& + |+

S e ]

n=0u+v=n
+
x _JE 0'1 !
(@1 1 +

)= B 4 Iq x
The }dealg 9f_the (skew ponnomlalr rings

)= + — —
o0 100, 1 O

[; ]

1JESCA

=(C +D)ul; 1

= 0[]

=( +DUF o] X 0Og
= D[O"AO'];

a= @y +ay) | [azj ]ask
Proof opa 040y a8 ayj
There are & stepgto proyie thegheorark
1) We will show that ( )<S  where
()esld; dsap a1l azj
ask a, azi ayj ayk
Syppase that
X 04+ Ogi=y  + + €

0l x® x o,
3

I X X 04
1 &3) :x O-SD [ ’ ]
I [Dx3 X Og
= + [] +
+ o+
] + [
= il
X Os X Og X oy X 09 X 019
05 Og 07 09 019 011
+ 0 ( * % a,i
a,j ask

0s a 05 ay ail ayj
azk ay ayi azj a1k
Gs @ O6 (lo (als) azj
azk ay ayi azj a1k

g a a7 Qo ((aln )% 202

azk ay ayi azj a1k



, and

are

Oy @ 09 ay a0 ayj

[;alk ay a3i aj ayk
010 @ 010 Qg a1l ayj
azk a, azi ayf ayk
011 4 011 Qg a1l azj
azk a, azi ayf ayk

X Og X Og X 0y X 0

X 011
I x® x os
I x X 05
I x® x o
I x X Og
I x® x o,
I x X oy
I x® x o
I x X 0y
I x° x oy
I x® X 019
I x° x oy
I x® X 014
X o qixt qi ai

g1l q2j qsk do 91 92 93
IJESCA vol.3, 1, May 2016

9o

X 0-10



International Journal of Engineering and Science Applications I J ESC A
ISSN: 2406-9833 @2016 PPs-UNHAS

- () )
L = ] ()
. ()
L DTLaus>xe
+ 0C C)
()=
+ o ) + )
—(() ++_+(())+
= + + + o+
4 oty
()=
+ ()
: Th( = ()
() -
¥ 0 () + = ) 0
c 0Ly 1
() ( 2) We want to show that () < ,
0 N Hence, (0 &9 [ ; ]
= o€ )
() g+
Note that e =
Suppose thét €.
+ 00 () () + + +
+ 0 +

()
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= [ (0 +0O
+ [ + []
4+ 4[] )]
- SN
)
(O
_ NG
= (7))
+ (0 ) +
% ()
% )+
%
oo 4
() ]
= (@)
() = < (7))

Hence, () <
Thus, | is an idea because () and

[; ]

are subring of I.

()
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Theorem 3
The skew polynomial rings over
guaternion [J[ ; } and O ; ] are

givenand |, are endomorphisms where
- 4 + + EDsuchthat
)=  +
+ +
+ and
()= ( + + =+
)=+

The ideal of the skew polynomia rings

and are
= J5 0
]
ol 1 [HL;ﬂ
+10[; ]
=( +D)0[;
Theorem 4

The skew ‘_po(ynomial rings over
guaternion

Oor; Lol Lol 1o

4 Tk ]

enaonHOt(f)r%éfn where

( + such that
( + + +

and are

I
+
I

)
)



with the same way.
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The reader can prove part b, ¢, d, e, and f
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)= - -+
()= ( + +
- , and
0¥= —( + +
— +

The ideal of the+ skew polynomial rings
S

are

and
Ol 1ol ],?[;

100 1
O

O

nmn nn—
~ -
e

Il
~

I
]
—_

DISCUSSION

'I?hg slz_e\%/) Dp(glynomial ring over
guaternion is a skew polynomial ring with
the quaternion and endomorphism ring,
denoted by o, as the base ring. The skew
polynomial ring over quaternion is
completely defined as a ring forngeéi f]rom
polynomial rings with unknown variable x,
()=2X

+ o+

el =
with +
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This

endomorphism form o of quaternion ring.

rescarch  provides an

Each of endomorphism forms ¢ becomes
the itself. Each of the skew
polynomia rings has two ideal forms.

ring

Generally, there are three groups of the
identic ideals of the ring. Three rings are
identic ideals, two rings are the same in the
shape, and the last six rings are identic
ideals too.

CONCLUSION AND SUGGESTION
The research shows that there are

twenty two ideal forms and every ring has

idedls.

possibilities to find more ideal forms from

two There are dill  many
this research. For the next research, we
hope the reader can explore other idea
forms besides what are founded in this

research.
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